We present a detailed asymptotic analysis of correlation functions for the two component spanning tree on the two-dimensional lattice when one component contains three paths connecting vicinities of two fixed lattice sites at large distance s apart.
I. INTRODUCTION
In recent years the logarithmic conformal field theories (LCFT) [1] , [2] and their relation to lattice models of statistical physics like dense polymers [3, 4, 5] , the sandpile model [6, 7, 8, 9 ], dimer models [10] and percolation [5, 11] have been the subject of active research. Among all these models, the Abelian sandpile model (ASM) [12] is one of the most interesting and fruitful, because correlation functions containing logarithmic corrections can be found explicitly using combinatorial methods. In this way, the full correspondence between the lattice model and the logarithmic conformal field theory can be transparently tested. A lot of successful checks have been made in [6, 7, 8, 9] , including various calculations for correlations in the bulk and on the boundaries, the determination of boundary changing fields, the insertion of isolated dissipation and evaluation of some finite-size effects. One of the most popular questions and checks was about the origin of the logarithmic corrections to the correlations. It is known just two cause of that: the insertion of the dissipation at isolated sites [7] , that follows from the logarithmic behavior of the inverse Laplacian at a large distance, and non-locality of height variables for h ≥ 2 in the ASM [9] . The last case is more important and difficult, because sandpile configurations with height variables h ≥ 2 are mapped onto an infinite set of non-local configurations of spanning trees. This non-locality arises due to the presence of a specific three-leg subgraph, so-called Θ-graph [16] . The Θ-graph is a subconfiguration of the spanning tree, consisting of three paths, that connect the vicinity of vertex j 0 with that of vertex t 0 (Fig.1 ). The paths with additional branches attached to them form one component, which is surrounded by another component of the spanning tree. A generalization of Θ-graph is an odd "k-leg" subgraph, which has been considered by E.V.Ivashkevich and C.-K.Hu in [13] for the infinite square lattice. They obtained the asymptotic dependence P (r) ∼ ln r/r k 2 −1 2 , for k = 1, 3, 5, . . . and concluded that it is the presence of the second component is responsible for the logarithmic correction to the correlation function. Indeed, H.Saleur and B.Duplantier considered correlations of "k-leg operators" by mapping of the two-dimensional percolation problem on a Coulomb gas and found, that the asymptotics of correlation functions for one component spanning tree has a pure power-law decay r
Later on, G. Piroux and P. Ruelle calculated the height probabilities for h ≥ 2 in the ASM on the upper-half plane with closed and open boundaries [9] . They enumerated the spanning tree configurations with Θ-graph, having one fixed site at distance r apart the boundary and another site running over the whole upper half-plane. The summation over positions of the running site leads to cumbersome estimations of integrals, so that it is difficult to follow details of correlations between different parts of Θ-graph explicitly. Calculations of two point correlations P 1h − P 1 P h in the ASM on the plane for h ≥ 2 also lead to the same difficulties. The Θ-graph arising for h ≥ 2 consists of three paths connecting one fixed site with height h ≥ 2 with another site at the distance s, running over the whole plane except the site with the height variable "one". It was shown in [15] , that evaluation of the logarithmic corrections to the two-point correlations does not need the summation by s over the whole plane. Instead, it is enough to take into account only those Θ-graphs configurations when the running site of the Θ-graph is situated in a vicinity of the height variable "one". The latter approach, being much simpler, is not so transparent, and an additional analysis of correlations of different parts of the Θ-graph is desirable. In this work, we find the asymptotic behavior of three-leg correlations for the case of the upper-half plane. We test validity of the method described in [15] for the upper half-plane, examining the order of expansion, where we can obtain a disagreement.
II. THE MODEL
We consider the labeled graph G = (V, E) with vertex set V and set of bonds E. The vertices are sites of the square lattice and an additional point which is the root "⋆": V ≡ {s x,y , (x, y) ∈ Z 2 , |x| ≤ M, |y| ≤ N} ∪ {⋆}. The bonds of E connect only neighboring sites.
Also all boundary vertices {s x,±N , x ∈ Z} and {s ±M,y , y ∈ Z} are neighbors of the root ⋆. The graph G represents a finite square lattice of 2N + 1 × 2M + 1. In thermodynamical limit, N, M → ∞, the lattice s x,y covers the whole two dimensional plane. We consider also the upper-half plane
with closed and open boundary conditions at the lattice sites V 0 = {s x,1 , x ∈ Z, |x| ≤ M}.
The corresponding graphs are
We construct the desired spanning tree configurations on the above graphs by using the arrow representation, see e.g. [17] . Accordingly, we attach to each vertex i ∈ V \{⋆} an arrow directed along one of bonds (i, i ′ ) ∈ E incident to it.
Each arrow defines a directed bond (i → i ′ ) and each configuration of arrows A on G defines a spanning directed graph (digraph) G dir (A) with set of bonds
Similarly, the arrow configurations on G cl and G op define a spanning digraph G cl,dir (A), G op,dir (A) with corresponding sets of bonds.
Note that no arrow is attached to the root ⋆, so that it has out-degree zero. A sequence order from 1 to n = |V \{⋆}| = (2M + 1)(2N + 1). Then Laplacian ∆ of size n × n has the elements:
where z i is the degree of vertex i ∈ V \{⋆}. The determinant of Laplace matrix is equal to the number of spanning trees on G with the root ⋆. Laplace matrices ∆ op , ∆ cl for the upper half-plane have size n = |V + \{⋆}| = (2M + 1)N and are defined by the same way as ∆, but for graphs G op , G cl respectively. The determinant of ∆ is a sum over all permutations σ of the set {1, 2, . . . , n}:
where S n is the symmetric group, sgn = ±1 is the signature of permutation σ. In general, each permutation σ ∈ S n can be factorized into a composition of disjoint cyclic permutations,
This representation partitions the set of vertices V \{⋆} into nonempty disjoint subsets which are orbits
where l i is the length of cycle c i . The orbits consisting of just one element, if any, constitute the set S f p (σ) of fixed points of the permutation:
is called a proper cycle. The proper cycles on G are of even length only, hence, the number of proper cycles p defines the signature of the permutation σ, that is sgn(σ) = (−1) p . Thus Eq. (2) can be written as follows:
where c k i is the k-fold composition of the cyclic permutation c i of even length
z i equals to the number of all spanning digraphs G dir (A), having the root ⋆. Each of others terms on the right-hand side of Eq.(3) having a non-zero set of fixed points S f p = Ø up to a sign equals to j∈S f p (σ) z j , because all non-diagonal elements equal to −1. That product represents the number of distinct spanning digraphs which have in common the specified cycles c 1 , . . . , c p , and differ in the oriented edges outgoing from vertices j ∈ S f p (σ). These oriented edges may form cycles on their own which do not enter into the list c 1 , . . . , c p . The proper cycles formed by the oriented bonds incident to fixed points of a given permutation 
where |A| is cardinality of the set A. Eq. (4) is the Kirhhoff theorem for the number of spanning tree subgraphs of a given graph [17] .
III. THREE-LEG CORRELATIONS
Now we modify the Laplace matrix changing three non-diagonal elements: In the same determinant expansion as Eq. (3), only the terms containing the product 
where δ = ∆ ′ − ∆ and m 2 ) is the Green function, which is defined in thermodynamical limit M, N → ∞ on the plane as:
In Appendix we give more details about this function, including its asymptotics on a long distance for arbitrary direction of the vector between (n 1 , m 1 ) and (n 2 , m 2 ). For the case of the upper half-plane, presence of the boundary changes the Green function:
Matrices in Eq. (6) are of size n × n (or n + × n + for the upper half-plane), but, matrix δ has only three non-zero elements:
so, we obtain due to (6) the matrices of size 3 × 3 only:
For further analysis we find it convenient to split determinant expansions into four groups:
where z = l + 2r for open boundary and z = l + 2r − 1 for closed one.
Functions F (µ,ν) are: (14), (15) in two ways: first we expand these expressions by r assuming r ≫ s ≫ 1; second we expand them by s assuming s ≫ r ≫ 1.
In both cases we take only α = 0 or α = π/2 for simplicity. As a result, we get for r ≫ s ≫ 1,
For s ≫ r ≫ 1 and α = 0 we obtain: As it was noticed above, the Θ-graph is the key object in calculations of heights variables h i ≥ 2 in the ASM. The previous analysis [6, 7, 8, 9] shows that ASM belongs to a c = −2 minimal model of logarithmic conformal field theory. Height variable h = 1 is associated with a primary field φ(z, z) with conformal weights (1, 1) and heights h = 2, 3, 4 behave like its logarithmic-partner ψ(z, z) with scaling dimension 2. Let P U HP h (r) be the probability of height h = 1, 2, 3, 4 at distance r apart from the boundary of the upper half-plane. In fact this is a two point correlation function, and by mixing operators, its dependence on r enables to obtain a structured constant for the operator product expansion (OPE) and to conjecture the logarithmic behavior of two-point correlations w h i ,h j (r) = P h i ,h j (r) − P h i P h j of height variables h i ≥ 1 on the plane at site i and height variables h j ≥ 2 at site j at distance r apart from the site j. Correlations P U HP h (r) have been obtained combinatorially, by mapping ASM onto the spanning trees model [9] .
Due to similarity between the Θ-graph and the three-legs correlations, we may compare calculations in [9] with the present ones. The "head" of Θ-graph located at site i with h i = 2 corresponds to one of the fixed points of the three-legs correlations, the running point of Θ-graph corresponds to another point at distance s apart. The dependence of det Λ(s, r)
on s for fixed r is shown in Fig.5 for open and closed boundary conditions. We see that the function has a strong peak at (k, l) = (0, 0). An essential part of computational work in [9] is summation over all positions of the running point. Instead, we may try to use the expansions (20)-(23) for integration in the vicinity of the peak using the fact that det Λ(s, r) decays as ln s/s 4 with s.
In the case of two-point correlations w 1,2 (r), this method leads to drastic simplification of calculations due to rapid convergence of the integrals over the vicinity s < s 0 of the peak for s 0 << r [15] . In the case of boundary correlations P U HP 2 (r), the leading term of asymptotics by r in (25) and (29) is ln r/r 2 and its integration by s in the vicinity of the peak is not sufficient for obtaining a coefficient at ln r/r 2 . Indeed, the first terms of expansions (25) and (29) contain ln s/s 4 which gives also ln r/r 2 upon summation over the half-plane:
But expansions (25) and (29) are not valid for s ∼ r and therefore the method [15] vanishes at β = 0, and has a unique maximum over β for all p. 
It is easy to show that 
The expressions give
(ln r + γ + ln π) + exponentially small terms (48)
Finally we obtain g p,q = − ln r + γ + 
